Molecular spontaneous emission and fluorescence depend strongly on the emitter local environment. Plasmonic nanoparticles provide excellent templates for tailoring fluorophore emission, as they exhibit potential for both fluorescence enhancement and quenching, depending on emitter positioning in the nanoparticle vicinity. Here we explore the influence of hitherto disregarded nonclassical effects on the description of emitter-plasmon hybrids, focusing on the roles of the metal nonlocal response and especially size-dependent plasmon damping. Through extensive modelling of metallic nanospheres and nanoshells coupled to dipole emitters, we show that within a purely classical description a remarkable fluorescence enhancement can be achieved. However, once departing from the local-response approximation, and particularly by implementing the recent generalised nonlocal optical response theory, which provides a more complete physical description combining electron convection and diffusion, we show that not only are fluorescence rates dramatically reduced compared to the predictions of the local description and the common hydrodynamic Drude model, but the optimum emitter-nanoparticle distance is also strongly affected. In this respect, experimental measurements of fluorescence, the theoretical description of which requires a precise concurrent evaluation of far-and near-field properties of the system, constitute a novel, more sensitive probe for assessing the validity of state-of-the-art nonclassical theories.
Introduction
Strategies for enhancing molecular fluorescence are widely explored in modern nanotechnology, due to its great importance to a large variety of applications, from single-molecule sensing and imaging to biochemistry, diagnostics and medicine, or for loss compensation and the design of novel optical antennas in nanophotonics. [1] [2] [3] [4] [5] [6] [7] Among the techniques exploited to improve fluorophore signals, metal-enhanced fluorescence has been attracting considerable interest, ever since Drexhage 8 and Chance et al. 9 conducted and successfully interpreted groundbreaking experiments on molecules in the vicinity of planar metal surfaces. Metallic nanoparticles (NPs) sustaining localised surface plasmons (LSPs), coherent electron oscillations that produce strongly enhanced electromagnetic fields confined in subwavelength volumes, 10 were soon considered as efficient alternatives to metal films for fluorescence enhancement, 11, 12 but further development was hindered at the time by experimental limitations. Recent advances in nanofabrication and nanotechnology have enabled the preparation and precise control of such NPs, thus opening new possibilities for the design of efficient templates for molecule-plasmon interactions. 13 In a seminal paper, Anger et al. 14 studied the coupling of a single molecule to laboriously positioned adjacent gold nanospheres, resolving a controversy over both fluorescence enhancement 15 and quenching 16 being observed in plasmonic environments. Molecular fluorescence is now understood as a two-step process, depending not only on the modification of spontaneous emission rates due to changes in the emitter environment (Purcell effect), 17 but also on the -equally sensitive to such changes -excitation rate of the molecule. While the first mechanism requires reduction of absorptive losses related to Joule heating, and therefore placing the molecule at a distance from the metal is preferred, the electric field decreases exponentially from the NP and molecules are more efficiently excited in its immediate vicinity. The interplay between these two competing mechanisms leads to an optimum emitter-NP distance, for which the fluorescence signal is more pronounced.
Considerable effort has been devoted to tailoring molecular fluorescence with plasmonic nanostructures. Almost simultaneously with Anger et al., Kühn et al. 18 performed a similar experiment to report a 20-fold enhancement near a gold nanosphere. Several theoretical and experimental studies have addressed understanding and optimising molecular emission in the vicinity of metallic NPs of different shapes [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] and aggregates thereof. [36] [37] [38] [39] [40] [41] [42] [43] Moreover, it is now possible to place fluorophores in the proximity of metallic NPs with unprecedented control over the emitter orientation and distance from the NP, exploiting for instance, DNA origami techniques [44] [45] [46] [47] [48] or appropriate hosting molecules. 49 Nevertheless, despite the plethora of complex architectures available, one of the most attractive plasmonic units remains the metallic nanoshell, owing to its simple spherical geometry, tunability and stability. 50 Nanoshells are dielectric-metal coreshell nanospheres, in which hybridisation between the LSPs sustained on either side of the shell 51 provides large flexibility in tuning the optical response and shifting the modes to match the fluorophore excitation or emission wavelength. 52 At the same time, encapsulating a potentially harmful to living organisms emitter inside a noble-metal shell can be beneficial for biomedical applications, to increase biocompatibility. 53, 54 Optimised emission rates can be achieved either by modifying NP dimensions for molecules placed inside 55 or outside 56 the nanoshell, or by adding metal/dielectric layers in a nanomatryoshka geometry. 57 Due to the increased sensitivity of fluorescence on small geometry modifications, a careful theoretical analysis is essential prior to the realisation of experiments. However, in most cases the description of dipole emitter-plasmonic NP hybrids is restricted within the framework of classical electrodynamics, and nonclassical effects, expected to be pronounced for small NPs, thin shells or small emitter-NP distances, 58 have been widely disregarded.
One of the first, larger-scale corrections to classical plasmonics, important for characteristic lengths decreasing below 10-20 nm, is to take the nonlocal response of the metal into account. 59, 60 In the usual local-response approximation (LRA), the displacement field at each position inside the metal is assumed to depend only on the applied electric field at the same position; its spatial variation is very small compared to the entire material. This is immediately translated into a metal dielectric function which depends on the angular frequency, ω, but not on the wavevector, k. The situation changes however when the NP dimensions decrease to become comparable to a characteristic nonlocal length, 59 requiring a k-dependent dielectric function. One of the most popular models to incorporate such effects is the hydrodynamic Drude model (HDM), which assimilates the conduction-band electrons of the metal to a fluid following the laws of hydrodynamics, with a pressure term for the induced current density which allows the excitation of a -classically absent -propagating longitudinal electric field component. This approach was first introduced in the 1970s (ref. 61) to describe the optical response of small metallic spheres beyond standard Mie theory, 62 but it has recently returned to the forefront of nanophotonics due to its success in interpreting sensitive experiments. [63] [64] [65] Several groups have developed analytical and numerical tools to treat a large variety of plasmonic architectures with HDM, [66] [67] [68] [69] [70] [71] including metallic core-shell nanowires, 72 and nanoshells either in the quasistatic regime 58, 73 or with a fully-electrodynamic approach. [74] [75] [76] [77] Despite its popularity, HDM constitutes only a first-order correction to classical electrodynamics, and it fails to account for a series of phenomena: not only are quantum-mechanical effects such as electron spill-out and tunnelling 60, 78 disregarded, but also the well-known, experimentally observed size-dependent plasmon damping due to reduction of the electron mean free path 79 and surface scattering 80 is not included. The latter issue has been recently tackled by an extension of HDM, the generalised nonlocal optical response (GNOR) theory, 81 in which size-dependent plasmon damping appears naturally via an additional constituent of the hydrodynamic description of induced charges in the metal, namely electron diffusion. Nevertheless, despite the continued development of nonclassical models for plasmonics, 60 with the exception of few studies focusing on spontaneous emission 58, 74, [82] [83] [84] or related physics associated with surface-enhanced Raman scattering 85, 86 and quantum-dot decay dynamics, 87 a systematic study and optimisation of fluorescence sensitivity in the vicinity of nonlocal metallic NPs is widely missing, especially within the GNOR theory which has already been successful in predicting the electron energy-loss spectra of few-nm NPs with unprecedented precision. 65 The effect of nonlocality and plasmon damping on the fluorescence of classical emitters near spherical noble-metal NPs, either homogeneous spheres or metallic nanoshells, is theoretically explored here. In contrast to earlier studies, 82 a fullyelectrodynamic description is adopted, in analogy to previous evaluation of radiative and nonradiative decay rates. 58, 74 NP dimensions and emitter distances are first optimised within LRA to obtain the maximal classically predicted enhancement rates. In this procedure, we also resolve the controversy of maximum fluorescence obtained at wavelengths either redshifted 88 or in perfect agreement 52 with the LSP modes.
Subsequently, we gradually increase the complexity of our description to compare LRA results with calculations based on the HDM and GNOR models. We show that, while in most occasions HDM produces results that are qualitatively and quantitatively close to those of LRA, the impressive fluorescence enhancement factors predicted by these models are significantly reduced in GNOR, as a result of a combination of nonlocal plasmon blueshifts 65 and drastic reduction of the field exciting the emitter. Our work is therefore useful in a twofold way: on the one hand, we provide new insight into the design of emitter-plasmon hybrid architectures for optical, biological and medical applications. On the other hand, by identifying an example of an observable for which the popular HDM produces distinctly different results from the more complete GNOR theory, we propose a new, more rigid test for nonclassical models. Since fluorescence calculations require knowledge of both near-and far-field properties of plasmonic systems, they are more sensitive to nonclassical corrections.
Carefully designed and conducted experiments based on fluorescence measurements are therefore expected to provide better understanding of the efficacy and applicability of novel theoretical descriptions that go beyond classical electrodynamics.
Theoretical methods
Throughout this paper we consider spherical NPs containing a metallic component described by a dielectric function ε m . The metal can be either gold or silver, noble metals for which the LSP resonances lie in the visible region. For an accurate account of the material properties, we rely on the experimental dielectric function ε exp (≡ ε m ) of Johnson and Christy. 89 The particles are either homogeneous metallic nanospheres, of radius R, or layered NPs consisting of a dielectric core of radius R 1 covered by a concentric metallic shell of thickness W, so that the total NP radius is R = R 1 + W, as shown schematically in Fig. 1 . We restrict our analysis to spherical NPs, because their symmetry allows the derivation of analytical solutions, as we describe below. For the dielectric core we assume a dielectric constant ε core = 2.13, which is appropriate for silica, a commonly encountered nanoshell core material, while the embedding medium is air (ε air = 1). The fluorescent molecule is modelled as an electric dipole of dipole moment p d , placed at a distance r d from the surface of the NP, with its dipole moment oscillating radially (along the emitter-NP axis, see Fig. 1 ). The dipole is excited by a total electric field E which is conceptually decomposed into an incoming plane wave of wavevector k and electric field E 0 , polarised along the emitter-NP axis, and the field scattered by the NP. We choose this combination of dipole orientation and incident light polarisation, as it is intuitively expected, and theoretically verified, 90 that it will generate the highest fluorescence rate.
Efficient experimental methods to achieve such sensitive positioning have been recently presented. 14, 47, 49 The dependence of fluorescence enhancement on different emitter orientations is discussed in the ESI. † Extinction cross section (σ ext ) spectra are calculated using
where k is the wavenumber in air, ℓ denotes the angular momentum, and t Eℓ and t Hℓ are the Mie scattering coefficients, which are calculated analytically. 62 For the Mie coefficients of a core-shell NP, recursive algorithms suitable for the description of nanomatryoshkas of any number of layers are usually employed. 74, 91 Here, however, we use an exact analytic expression, as we find that this approach provides more flexibility to tackle numerical instabilities that appear when nonlocal effects are included. Exact formulas for the Mie coefficients in all cases are provided in the ESI. † Within the nonlocal HDM and GNOR models, the excitation of longitudinal waves in the NPs is allowed, modifying the Mie solution. For the hard-wall NPs described here, where no electron spill out is permitted, one needs to impose the additional boundary conditions of a vanishing normal component of the induced current at the metal-dielectric interfaces. 92 This can be rewritten in terms of the electric fields as 59 where n is the unit vector normal to the interface, E m and E D are the electric fields in the metal and dielectric region respectively, ε D is the permittivity of the dielectric region, and ε ∞ the background contribution of core electrons and ions to the permittivity of the metal. The frequency-and wavevector-dependent longitudinal dielectric function of the metal is given by 59 ,61
where k m is the wavevector in the metal, ω p is the plasma frequency of the metal, and γ is the damping rate. In the nonlocal correction to the Drude model, −η 2 k 2 mL , k mL is the longitudinal wavenumber in the metal, and η is the appropriate hydrodynamic parameter. Setting η = 0 in eqn (2) restores the standard local Drude model. We use η ¼ β ; ffiffiffiffiffiffiffi ffi 3=5 p ν F for HDM, 61 where ν F is the Fermi velocity of the metal, and
for GNOR, where D is the diffusion constant. 81 We note that adding an imaginary part to η is an essential modification to the hydrodynamic parameter, which accounts for diffusion of the induced charges, a physical mechanism that is only captured by the GNOR model. To apply eqn (2) to the noble metals discussed throughout the paper, we obtain ε ∞ from the experimental values, by subtracting the Drude part: The fluorescence rate, γ em , can be treated, to a good approximation, as the product of two independent processes, excitation of the emitter, expressed through an excitation rate γ exc , and decay to its ground state accompanied by energy losses in radiative or nonradiative channels, expressed through Fig. 1 A classical emitter modelled as an electric point dipole of dipole moment p d , placed at a distance r d from the surface of a NP with a core-shell morphology. The NP consists of a dielectric core (ε core = 2.13) of radius R 1 covered by a metallic shell of thickness W (described by a dielectric function ε m obtained either from experimental data 89 or from a Drude model), so that the total NP radius is R = R 1 + W. A homogeneous metallic sphere can be viewed as the limiting case R 1 = 0, R = W. The emitter-NP system is embedded in air (ε air = 1), and illuminated in the excitation process by a plane wave of wavevector k, with its electric field E 0 polarised along the emitter-NP axis. the emitter quantum yield q. Then the fluorescence enhancement is given by 14, 88 
where all rates are normalised to their corresponding values in a homogeneous free space, denoted by a superscript "0". Below saturation, and within Fermi's golden rule, the excitation rate is easily obtained as 14, 88 
where R d is the position of the emitter. In the absence of a plasmonic environment, we assume that the emitter is excited by a plane wave at wavelength λ exc . When a metallic nanosphere is placed close to the dipole (centred at the origin of coordinates), the total exciting field will be a combination of the incident plane wave and the field scattered from the nanoparticle. For the specific dipole position and orientation considered here, the excitation rate can be calculated analytically using (see the ESI †)
where
Hankel function of the first type, and Y ℓm (θ,ϕ) are the usual spherical harmonics. The excitation rate in free space can be obtained from eqn (5) by setting t Eℓ = 0, which describes the absence of a scattering object. On the other hand, the quantum yield collectively describes the radiative and nonradiative decay rates of the molecule. In the absence of a structured environment, the internal quantum yield of the molecule, q 0 , is
where γ 0 r and γ 0 nr are the intrinsic radiative and nonradiative decay rates, respectively, and γ 0 nr accounts for losses related to molecular transitions. For high-intrinsic quantum yield molecules, as the ones considered here, one can assume q 0 = 1. In the presence of a plasmonic nanosphere, the quantum yield has to include both a radiative decay γ r , modified by the presence of a scattering object, and an absorptive decay rate γ abs to describe ohmic losses in the NP:
Introducing the intrinsic quantum yield of eqn (6) into this expression, we obtain
These decay rates can be expressed through the corresponding radiated and absorbed power, γ r /γ 0 r = P r /P 0 and γ abs /γ 0 r = P abs /P 0 , where P 0 is the power radiated by a classical electric dipole in air, at wavelength λ em
In the above equation, c is the speed of light in a vacuum, ε 0 the free-space permittivity, and ε and μ the relative permittivity and permeability of air, respectively. The wavenumber k is related to the emission wavelength where k ¼ 2π ffiffiffiffiffi εμ p =λ em . For the radiated and absorbed power, we integrate the Poynting vector flux through the surface of a large sphere including both the emitter and the NP, and through the surface of the NP (where absorptive losses occur), respectively. Expanding the incoming and scattered fields into spherical waves, analytic expressions can be obtained, which for our specific geometry and dipole orientation are simplified to (see also the ESI †) [93] [94] [95] 
Fluorescence spectra are calculated throughout the paper by scanning over the characteristic emitter wavelength λ, with the assumption that λ exc = λ em = λ. In reality a fluorescent molecule is a more complex system, and at least three individual energy levels have to be considered: the ground level, excited state, and emission state at a slightly lower energy (the intrinsic quantum yield corresponds to the transition from the excitation level to the emission level). 30 However, for the sake of simplicity, and to make our analysis independent of a specific emitter choice, we assume λ exc = λ em . Including two different levels in the above equations to describe a specific molecule is straightforward. We also note that, in our calculations, spherical waves up to an order ℓ = 70 are required to accurately describe the emitter-NP interaction, depending on the specific geometry and model (in general, larger absorptive losses as in the case of GNOR ensure faster convergence). While quasistatic approximations are in good agreement with full-electrodynamic solutions for a relatively large r d , 88 higher-order terms are crucial for an exact, converged calculation of the excitation field and the absorptive losses in the immediate proximity to the NP surface. 14 
Results and discussion
Before exploring the influence of the nonlocal and plasmon damping effects, and to facilitate the subsequent analysis, it is useful to tailor the NP geometry and emitter distance so as to produce sufficiently large fluorescence enhancement factors to make any corrections clearly visible. Motivated by previous studies, 14, 18, 90 we first consider a gold nanosphere, and assume a radius R = 20 nm. This NP size is in fact a relatively poor choice for our purpose, as the ratio of radiative to absorptive losses is too small to produce the desired high quantum yield. Larger NPs have been used in the past to improve the radiation properties of the system. 14,90 Nevertheless, here we deliberately aim to show that it is in fact possible to greatly increase fluorescence without resorting to extremely large NPs, exploiting the flexibility provided by the core-shell geometry of a nanoshell. The emitter distance is considered equal to r d = 15 nm, for which our simulations showed an optimum fluorescence enhancement. The extinction cross section spectrum (normalised to the geometrical cross section) of this nanosphere, which provides a good measure of the NP far-field response, is presented in Fig. 2a together with the corresponding fluorescence spectrum. The maximum fluorescence enhancement is obtained at wavelengths longer than the plasmon resonance, in agreement with the findings of Novotny et al., 14, 88 but, for this particular NP size and emitter-NP distance, it is only a little larger than unity. Over a wide part of the visible spectrum, absorptive losses dominate the emitter-NP coupling, leading to strong fluorescence quenching, especially for wavelengths shorter than 500 nm where additional loss mechanisms prevail due to interband transitions. 62 Since the fingerprint of interband transitions in gold is strong, the far-and near-field optical properties of the emitter-NP hybrid are largely affected, and drawing conclusions about the plasmonic impact on fluorescence is not straightforward. It is therefore reasonable to explore different plasmonic materials to improve our understanding and possibly also to enhance fluorescence signals. In this regard, silver, which is a low-loss Drude-like metal over the entire visible range, and its interband transition-related absorption appears in the ultraviolet region, is a natural choice. Silver NPs are however often disregarded as potential emitter environments because, for a wide variety of fluorophores encountered in medical and biological applications, their LSP resonance is much blueshifted with respect to the molecule emission wavelength. It is somehow surprising, therefore, that a large fluorescence enhancement, more than twice the value achieved by the gold nanosphere shown in Fig. 2a , is calculated as shown in Fig. 2b for a silver NP with the same R and r d . Interestingly, this improved enhancement is obtained not only close to the silver nanosphere LSP resonance, but also over the entire visible spectrum. This happens because both the excitation rate and the quantum yield, the product of which defines fluorescence, are concurrently increased. Not only is the ratio of radiative to absorptive losses significantly enhanced, leading to a quantum yield close to unity over the entire visible spectrum, but also reducing losses significantly enhances the electromagnetic field at the position of the emitter, making its excitation more efficient. It is also worth noting that, in this case, the maximum fluorescence enhancement occurs (almost) at the LSP resonance, in contrast to the gold nanospheres explored earlier. Within a quasistatic description, the experimental redshifted maximum fluorescence 44 has been justified by the difference in the resonance conditions for the radiative and nonradiative decay rates: γ abs is expected to have its maximum at ε m + 1 = 0, while for γ r it occurs at ε m + 2 = 0. 88 However, as we show here, for low-loss plasmonic systems the enhancement of the excitation field (which has its maximum at the LSP resonance) can be large enough to limit the importance of the quantum yield. Homogeneous metallic nanospheres are easier to synthesise, but they strongly lack in tunability, and metallic nanoshells provide a much larger flexibility to match the excitation or emission wavelength for a wide range of fluorophores. Interaction between the modes sustained at the inner and outer surfaces of the metal leads to the formation of hybrid plasmons, 51 which can be engineered to cover the entire visible spectrum and part of the ultraviolet and near-infrared. 75 We take advantage of this tunability as shown in Fig. 2c and d, where we substitute the homogeneous spheres for dielectric-metal core-shell NPs, similar to the ones considered recently for the strong coupling of quantum dots with LSPs. 96 For a direct comparison with Fig. 2a and b we maintain the total NP radius at R = 20 nm, covering a silica sphere of radius R 1 = 18 nm with a thin metal layer of W = 2 nm. This small shell thickness is essential to enhance plasmon hybridization and push the LSP resonances away from the regime of strong absorptive losses in gold. While it is still challenging to fabricate so thin nanoshells, successful steps towards this direction have been recently taken. 97 With this NP choice, both for gold and silver nanoshells, the maximum fluorescence enhancement occurs at the LSP wavelength (here we focus on the dominant, bonding plasmonic mode), in agreement with experiments on large gold nanoshells. 52 In addition to the shifting of the LSP modes, in the case of core-shell NP absorptive losses are also reduced to a great extent due to the involvement of a smaller quantity of metal. This loss reduction leads to a γ em rate with its maximum much closer to the NP surface, at distances for which strong quenching is observed in the case of nanospheres. Bringing the emitter closer to the NP without most of the emitted energy being lost to Joule heating means that the electric field exciting the molecule can be significantly enhanced, leading to a stronger fluorescence signal.
In the example of the thin silver nanoshell shown in Fig. 2d , an enhancement of more than 150 is achieved, larger than most values previously reported in the literature for such geometries.
14,52,90
So far we have restricted our analysis to results obtained within classical electrodynamics. The main purpose of this paper, however, is to explore nonlocal effects, and how they influence the emitter-NP coupling. Unlike most earlier studies on nonlocal plasmonics, which were focused on the far-field response 59, 61, 68 even when electric dipoles were used to excite the LSP modes, 84 the combination of far-and near-field properties involved in fluorescence calculations amplifies the need for implementation of nonlocal theories. In Fig. 3 we present γ em as a function of r d for the four examples presented in Fig. 2 . In each case, we choose the wavelength λ (same for the excitation and emission process, see discussion in section 2) so as to obtain the maximum fluorescence signal according to Fig. 2 , and compare the estimations of LRA with those of the HDM and GNOR nonlocal models. The main fingerprint of such hard-wall nonlocal models is a blueshift of the plasmon resonance, as compared to the results of LRA, which becomes larger as the NP size decreases. 59 In the case of the relatively large solid spheres examined in Fig. 3a and b, nonlocal effects are known to have a nearly negligible effect on the far-field plasmon resonances. 59, 61, 81 It is shown here that the small blueshifts predicted by HDM indeed affect the fluorescence rates only a little. In the specific examples shown in Fig. 3a and b, HDM produces a slightly larger fluorescence enhancement compared to LRA, although we have identified cases of small reduction as well. These usually minor differences depend on the exact position of the LSP modes: if the plasmon resonance calculated within LRA matches exactly the fluorophore emission wavelength, the small nonlocal blueshift will detune it to reduce γ em . Due to the ultra-fine engineering requirements however, it is always possible that taking nonlocality into account will actually tune the NP resonance towards λ em , leading to the small enhancement observed in Fig. 3a and b. The case is nevertheless much different within GNOR, which includes size-dependent plasmon damping 79 as a natural constituent of the hydrodynamic description of the free-electron gas accounting for electron diffusion. Even though for the large NP sizes considered here its effect on the far-field spectra is still small, the combination of reducing the excitation field and detuning the LSP resonance produces a visible decrease in fluorescence enhancement, especially in the case of silver (Fig. 3b) , thus highlighting the need for accurate calculations of the near field exciting the molecule. Although we have already identified a visible impact of nonlocality on homogeneous spheres, its effect is anticipated to be much stronger in metallic nanoshells. While the induced resonance shifts are expected to be much stronger in the case of the antibonding, cavity-like shell modes, 75 nonlocality cannot be neglected in the case of bonding, particle-like modes either. 58 The decrease in fluorescence enhancement and shift of the optimum emitter position observed in metallic nanospheres are indeed more pronounced in the case of nanoshells ( Fig. 3c and d) , especially for a silver nanoshell. In Fig. 3d both the small reduction of γ em within HDM discussed earlier, and also an important four-fold decrease within GNOR compared to the results of LRA, can be observed. It is immediately clear from Fig. 3 that HDM, which is the most frequently adopted nonlocal model, produces only minor differences in the local results, suggesting the ( premature) conclusion that nonlocality plays a limited role in fluorescence measurements, similarly to other sensing procedures. 72 However, the dramatic reduction observed within GNOR unambiguously displays how a more complete nonlocal description of the free-electron fluid, including both induced-charge convection and diffusion, can be crucial for a more accurate description of the emitter-NP hybrid. Fortunately, even with these corrections taken into account, it is evident that silver nanoshells can still produce a significant fluorescence enhancement of the order of 100, while maintaining high enhancement values (>20) for a large range of emitter distances. We will therefore focus our remaining analysis to such silver nanoshells, comparing the results obtained within the LRA and GNOR models and disregarding HDM.
The example from Fig. 3d was chosen for consistency with the rest of the cases in the figure, as far as geometry is concerned, but it does not correspond to an optimised design or to a specific molecule. A more systematic study of nanoshell geometries should therefore provide further insight into the underlying physics. In Fig. 4 we fully explore the role of the nanoshell size and thickness, for a characteristic excitation and emission wavelength λ = 560 nm, close to λ em of a commonly encountered fluorophore, Rhodamine-6G. 88, 90 We should note that for a more strict description, the excitation wavelength should be slightly shorter, and a value λ exc = 532 nm is often used in the literature. 36, 90 However, this choice would render analysing the results of our subsequent parametric study, in which already the three geometrical parameters R, D, and r d are free, even more complicated. In any case, using λ exc ≠ λ em is straightforward, but adds only few quantitative changes to our analysis, as we verified by detailed simulations. As shown in Fig. 4a , changing the total size of the nanoshell can provide large engineering possibilities. For small NPs, there exists a narrow shell thickness range for which the LSP resonance is exactly tuned at λ, leading to very strong fluorescence signals, approaching γ em = 150 for the smallest, R = 20 nm NP, with W = 3 nm. This enhancement becomes however about three times smaller once the intrinsic corrections of the GNOR model are applied (Fig. 4b) . As the NP size increases, the maximum enhancement obtained within both LRA and GNOR models decreases, but a much wider region of shell thicknesses and emitter distances characterised by large (>10-15) fluorescence enhancements is obtained. Interestingly, these wide parameter ranges are preserved within GNOR, as can be seen especially for the R = 50 nm case. This broad enhancement plateau provides large fabrication advantages, as it shows that it is not required to achieve a very specific emitter distance or shell thickness -fabrication errors are largely tolerated. To further illustrate the significant impact of nonclassical theories, we plot in Fig. 4c the excitation and fluorescence rates, together with the quantum yield, for a finely tailored, optimised nanoshell geometry (R = 29.5 nm, W = 4.5 nm), as obtained within LRA and GNOR. It is evident that, even though the quantum yield is also modified by the additional damping due to electron diffusion in GNOR, the large decrease in γ em is mainly due to the strong reduction of the excitation rate, as can be seen by the large difference between the solid and dashed blue lines for LRA and GNOR, respectively. The effect of quantum yield modification manifests itself more clearly through the shifting of the optimum emitter position further away from the NP surface, where radiative transfer can eventually dominate the now stronger absorptive losses. The corresponding extinction and fluorescence spectra for the same nanoshell are presented in Fig. 4d , for an emitter placed at the optimum (according to detailed simulations) position of r d = 1.5 nm. It is again unambiguously verified that the best strategy for optimising fluorescence signals is to match the emitter characteristic wavelengths with the LSP resonance of the NP, as long as the emitter transitions occur away from additional loss mechanisms like interband transitions, and regardless of the theoretical model applied.
Finally, for a complete theoretical description, it is important to explore the case of cavity-like nanoshell modes and how they couple with classical emitters. As mentioned earlier, nonlocality induces larger frequency shifts for these modes, particularly for very thin shells. 58, 75 It is therefore anticipated that fluorescence signals, which are more sensitive to changes in the local environment, will be strongly affected. While, for consistency with the rest of the paper, these effects should also be explored in silver nanoshells, interband transitions in silver become now an important issue, as they almost completely conceal the cavity-like modes. To eliminate such absorptive losses and clearly observe the modes of interest, we assume a Drude model for the metallic material, ε m = ε ∞ − ω p 2 /[ω(ω + iγ)]. We consider ħω = 8.99 eV, ħγ = 0.05 eV, and ε ∞ = 4, values which ensure good agreement with the optical response of silver NPs in the visible region, while the spectra are free of interband transition-related losses. The extinction spectra for such a nanoshell with R = 20 nm and W = 5 nm, calculated within LRA and GNOR, are shown in Fig. 5a . This shell is thin enough to ensure that the cavity-like mode is clearly discernible, but not shifted too far into the ultraviolet region. As discussed above, nonlocal effects induce a much larger blueshift for the cavity-like mode (better shown by the enlarged view of the inset), while size-dependent damping is also stronger. Drastic modifications of fluorescence signals are therefore expected. Indeed, in the fluorescence spectra shown in Fig. 5b , the clear peak obtained within LRA at 287 nm, matching the LSP resonance, vanishes completely within GNOR due to plasmon damping. This behaviour is in fact also observed (results not shown here) for higher-order particle-like (and, to a larger extent, cavity-like) modes, even for the large NP sizes (typically R > 50-60 nm) for which the extinction peak of the quadrupolar particle-like mode becomes more intense than the dipolar one. Only the particle-like dipole modes of metallic nanoshells are therefore good candidates for molecular fluorescence enhancement. Nevertheless, we have shown here that these modes can already be engineered over a wide spectral range, providing large flexibility to the design of single-molecule sensing architectures.
Conclusions
We have presented a detailed theoretical study of molecular fluorescence enhancement in the vicinity of metallic nanospheres and nanoshells. We have shown that large enhancement values, exceeding by an order of magnitude those obtained for nanospheres, can be achieved by appropriately tailoring the nanoshell geometry and fluorophore distance.
These enhancement rates are however significantly reduced when a more complete description of the NP optical response, deviating from classical electrodynamics, is adopted. In particular, we have shown that within the recently developed GNOR theory, which concurrently accounts for nonlocal effects and size-dependent plasmon damping, both the maximum fluorescence enhancement rate and the optimum fluorophore position can be strongly modified, as a result of the combined action of nonlocal LSP shifting, increase of absorptive losses and reduction of the exciting field. Experimental verification of our GNOR predictions for fluorescence will highlight the importance of departing from HDM and adopting a more detailed description of the collective response of free electrons in the metal, especially when near-field optical properties are involved. Nevertheless, even after all these corrections are included, large fluorescence enhancement plateaus can still be obtained for a wide range of geometrical parameters, providing large flexibility to the experimental realisation of metalenhanced fluorescence and single-molecule spectroscopy architectures. Our work combines the evaluation of far-and near-field properties through a sensitive, experimentally measurable quantity, and in this respect it provides a more rigid test for nonclassical electrodynamic theories, with the potential to trigger decisive experiments in the near future. Further theoretical work to describe effects such as statistical averaging of a large number of fluorophores with random positions and orientations, or coherent emission from several emitters, is also expected to expand our understanding of the coupling of fluorophores with nonlocal plasmonic NPs. 
